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Abstract
For a locally compact (LC) group G, denote by G+ its underlying group equipped with the
topology inherited from its Bohr compactification. G is maximally almost periodic (MAP) if and
only if G+ is Hausdorff. If P denotes a topological property, then we say that a MAP group G
respects P if G and G+ have the same subspaces with P . In 1962 I. Glicksberg proved that LC
Abelian groups respect compactness. We extend this result by showing that LC groups such that all
their irreducible unitary representations are finite-dimensional, i.e., [MOORE] groups, do so as well.
Moreover, we prove that G equipped with the topology induced by its topological dual is equal to
G+ if and only ifG belongs to the class [MOORE]. If this is indeed the case, then (a)G additionally
respects pseudocompactness, (relative) functional boundedness, and the Lindelöf property, (b) G is
connected (respectively zero-dimensional, respectively realcompact) if and only if G+ is connected
(respectively zero-dimensional, respectively realcompact), and (c) G is σ -compact if and only ifG+
normal. We end the paper by showing the existence of a discrete group that is not [MOORE] and
which still respects compactness. Ó 1999 Elsevier Science B.V. All rights reserved.
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1. Introduction
With every topological group G there is associated a compact group bG, called the
Bohr compactification of G, and a continuous homomorphism r from G onto a dense
subgroup of bG. The pair (bG, r) satisfies the following universal property: If f :G→ C
is a continuous homomorphism into a compact group C, then there exists a continuous
homomorphism φ :bG→C such that f = φ ◦ r:
G
f
r
C
G+ ⊆ bG
φ ,
where G+ := r[G] 3 . So defined, G+ is a totally bounded topological group algebraically
isomorphic to the underlying group of G. The topology of G+ is called the Bohr topology
of G, and obviously is coarser than the (original) topology of G. If G+ happens to be
a Hausdorff space, then the group G is said to be maximally almost periodic (MAP).
This concept is equivalent to the original definition traced back to Von Neumann [34,
Definition 16, p. 481]. Compact Hausdorff groups are examples of MAP groups.
Another important source of MAP groups is supplied by the locally compact Abelian
(LCA) groups. That they are MAP is a crucial step in the development of the Pontryagin–
van Kampen duality theory. In this case the Bohr topology is easy to describe, as it is the
weakest topology that makes the continuous characters (homomorphisms into the circle)
continuous; and it has been a subject of study in recent years. Its importance relies upon the
fact that, even though most of the times is strictly weaker than the original topology, several
topological properties are respected in the sense of the abstract. Among those properties,
one can mention compactness, pseudocompactness, (relative) functional boundedness, and
the Lindelöf property [29]. The fact that locally compact Abelian (LCA) groups respect
compactness is sometimes referred as Glicksberg’s theorem, since it was Glicksberg [10]
who first proved this result 4 . Some other proofs of Glicksberg’s theorem are available, see,
for example, [7, 3.4.3], [17], [21], [22, Korollar 2, pp. 130–131], and [28].
Since the concept of a character is not always available for arbitrary LC groups 5 , and
since, in the Abelian case, the continuous characters are exactly the irreducible unitary
representations, any effort to extend Glicksberg’s theorem to a wider class of LC groups
must necessarily involve the latter. A continuous unitary representation 6 is by definition
a continuous homomorphism into the group U(H) of unitary operators of some Hilbert
3 The first construction of the pair (bG, r) was given by Weil [36], who called bG the “groupe compact attaché
à G”. Alfsen and Holm [1] also constructed bG, and they called it the “maximal compact representation of
G”. If h :G→K is a homomorphism into a dense subgroup of a compact group K so that the universal property
mentioned above holds for (K,h), then we refer to (K,h) as a Bohr compactification ofG. The universal property
implies that, up to a topological isomorphism, there is only one Bohr compactification of a topological group G.
4 Leptin [19] proved this earlier for discrete groups.
5 For a non-Abelian G, characters are defined only for finite-dimensional representations pi by
χpi(x) := Tr(pi(x)), where x ∈G and Tr stands for the trace of (the matrix given by) pi(x) (cf. [14, 27.22]).
6 Hereafter we will simply refer to them as representations.
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space H, where U(H) is furnished with the strong operator topology. A representation u
is said to be irreducible if the only u-invariant closed subspaces of H are {0} and H itself
(see, for example, [13, 21.26, B.56 and §22]). The celebrated Gel’fand–Raı˘kov theorem
[13, 22.12] states that the set Ĝ of (equivalence classes) of irreducible representations of
a LC group G separates points 7 . This yields a concept very much related to the Bohr
topology: With G as above, denote by Gw the underlying group of G equipped with the
weakest topology that makes the elements of Ĝ continuous. The topology of Gw is called
the weak topology ofG and obviously it is coarser than its original topology. Also, since the
Bohr topology is the weakest topology that makes the finite-dimensional representations
of G continuous [34, §§III, IV], we have that the Bohr topology is coarser than the weak
topology. For example, if G is compact, the three topologies coincide. If G is Abelian but
not compact, then the Bohr and the weak topologies coincide, and they are strictly weaker
than the original topology. We will see additional examples below in which (a) the original
and the weak topology coincide, both being strictly stronger than the Bohr topology, and
(b) an example in which the three topologies are pairwise different.
A first attempt to generalize Glicksberg’s theorem to a wider class of LC groups has
been successfully achieved by Hughes [17] who proved that G and Gw have precisely
the same compact sets for all LC groups. Because there are groups Γ that cannot accept
a non-discrete Hausdorff group topology (see [5, 3.5] for an expository account of this
phenomenon), Hugues’ theorem, when applied to Γ equipped with the discrete topology,
is trivially true since there is no change in the passage from Γ to Γ w . Γ exemplifies
(a) above: the Bohr topology is always precompact 8 . A locally compact totally bounded
group must be compact. Hence, as pointed out above, in the Abelian case the Bohr
topology remains the original topology in very special cases. Written in a different way,
the Bohr topology on non-compact LCA groups is strictly weaker than the original
topology, making Glicksberg’s theorem a non-trivial result. Moreover, totally bounded
groups are important since each of them is topologically and isomorphically embedded
in an essentially unique compact group, called its (Weil) completion, in such a way that
each continuous homomorphism into a compact group can be extended to a continuous
homomorphism of the completion [35]. The fact that compact groups have been widely
studied, reinforces our intention to study the Bohr topology, and the weak topology when
it is totally bounded 9 .
We then ask, what are the locally compact groupsG such that (i) Gw is totally bounded,
and (ii) G+ = Gw? We answer to these two questions in Theorem 1, by stating that
a LC group G holds (i) or (ii) if and only if all of its irreducible representations are
finite-dimensional. Groups with this feature have a special name: Moore groups, and have
7 Ĝ is called the dual object of G.
8 A non-discrete example is given by the special linear group over R G := SL(n,R), (n> 2) with its usual LC
group topology τ (cf. [13, 2.7, 4.25(b)]): By a result of Goto [11], G is a minimal topological group. Hence
G= Gw . By a result of von Neumann [34, p. 483], SL(n,R) has the anti-discrete topology as its only totally
bounded group topology. It would be interesting to find a [MAP] group with the properties described in (a).
9 Note that, if G is a MAP group then, since G+ is a totally bounded group, its Weil completion G+ can be
identified with bG.
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been widely studied, for example, in the now classic articles of Kaniuth [18], Moore
[20], Robertson [25], and Štern [26]. Several characterizations of [Moore], including our
own, will be stated in Section 2, where we show as well that [Moore] behaves similarly
to its (proper) subclass LCA, as (i) they also respect compactness, pseudocompactness,
(relative) functional boundedness, and the Lindelöf property; and (ii) the behavior of the
Bohr topology on [Moore] and LCA is essentially the same with respect to connectedness,
zero-dimensionality, realcompactness, and normality. We use brackets in the notation to
stress the fact that the groups considered are locally compact.
Two natural questions arise. Are there any [MAP] groups other than [Moore] such
that Glicksberg’s theorem still holds for them? Moreover, must a [MAP] group respect
compactness? The aim of Section 3 is precisely to study these two questions. We present
examples of the so-called van der Waerden groups which show that the answer to the
second question is “not always”. With the help of these groups we give an example of a
discrete group G such that its original, weak, and Bohr topologies are all different, taking
care of (b) above. The first question, however, has a positive answer as we show that there
is a discrete group that respects compactness without being [Moore].
Notation. Unless it is clearly stated otherwise, all of our spaces are completely regular and
Hausdorff. If X is a space and F ⊆ X, then clX F will denote the closure of F in X. We
will write our topological groups by (G, τ) or simply by G when confusion is impossible.
We use multiplicative notation for the group operation.NX(x) (or simplyN (x)) stands for
the neighborhood system of the point x in the spaceX. IfG ((G, τ)) is a topological group,
then Gw ((G, τw)) will denote the underlying group of G (G) equipped with the weakest
topology that makes each representation which is continuous in the original topology (τ )
continuous; similarly, G+ ((G, τ+)) will denote the underlying group of G (G) equipped
with its Bohr topology. If A⊆G, then A (respectively Aw , respectively A+) will denote
the set A equipped with the topology inherited fromG (respectivelyGw , respectivelyG+).
2. [Moore]
Our first result motivates our interest on [Moore].
Theorem 1. Let (G, τ) be a locally compact group. The following statements are
equivalent:
(a) τw = τ+.
(b) τw is a totally bounded topology.
(c) (G, τ) ∈ [Moore].
Proof. (a)⇒ (b) Obvious.
(b)⇒ (c) Let L and R be the left and right uniformities of (G, τw), respectively. Since
τw is totally bounded, L=R holds. Let u be an irreducible representation from (G, τw)
into the unitary group U(H) of some Hilbert space H. LetM be the two-sided uniformity
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on U(H). It is known from functional analysis that (U(H),M) is a complete uniform space
[27, p. 84]. Notice that, by [24], U(H) has no group completion in the sense of Weil if and
only if dim H > ω. By L = R, u : (G,L)→ (U(H),M) is uniformly continuous. Let
(G, τw) be the Weil completion of (G, τw). By [2, II, §3.6, Theorem 2] u has a uniformly
continuous extension uˆ : (G,K)→ (U(H),M), where K is the uniformity induced by τw .
uˆ : (G,K)→ U(H) is a continuous homomorphism by [2, III, §3.4, Proposition 8]. Since
(G, τw) is compact, and u is irreducible, H must be finite-dimensional. Note that (G, τ)
and (G, τw) have the same irreducible representations.
(c)⇒ (a) By the Gel’fand–Raı˘kov theorem [13, 22.12] we can embed (G, τ) inside a
direct product
∏
i∈I U(H i ) of unitary groups U(H i ) of some Hilbert spaces H i . Note that
U(H i) is furnished with the strong operator topology. Since (G, τ) ∈ [Moore], each U(H i)
is a compact group of unitary matrices. 2
As pointed out in Section 1, LCA is a proper subclass of [Moore]. Clearly, compact
groups belong to [Moore]. Robertson [25] has shown that the class [Moore] is stable
with respect to finite products, quotients, finite extensions, and (closed) subgroups (see
Proposition 1 below). A result of Freudenthal and Weil states that any connected group in
[MAP] is the product of a vector group and a compact connected group [36, §§30, 31].
Thus any connected group in [MAP] is necessarily in [Moore].
In order to study what topological properties are respected by the Bohr topology on
[Moore], we will need a number of results. We state them all in Proposition 1 so that
the paper becomes self-contained. Trivially a topological group G is MAP if and only
if there is a continuous monomorphism from G into a compact (Hausdorff) group. As
usually the commutator subgroup G′ of a given group G is the subgroup generated by all
elements of the form aba−1b−1, where a, b ∈G. We denote by Tak the class of all MAP
groups G such that G′ has compact closure. An element of [Tak] is called a Takahashi
group [25].
A subgroup H of G is characteristic in G in case f [H ] ⊆H for every automorphism
f of G. A characteristic subgroup is always a normal subgroup. A topological group G
is said to have arbitrary small invariants neighborhoods if for every U ∈ N (1) there is
V ∈N (1) such that gVg−1 ⊆U for all g ∈G.
Proposition 1.
(a) If G is a topological group, then G ∈ [Moore] if and only if G contains a
characteristic [Tak] subgroup of finite index.
(b) If G is a topological group, then G has arbitrary small invariants neighborhoods if
and only if the left and right uniformities of G are equivalent.
(c) If G ∈ [Moore], then G has arbitrary small invariants neighborhoods.
(d) Let G be a topological group, and let N be a closed normal subgroup of G.
If h :G→ K is a Bohr compactification of G, define hˆ :G/N → K/h[N] by
hˆ(gN) := h(g)h[N] where h[N] := clKh[N]. Then hˆ :G/N→ K/h[N] is a Bohr
compactification of G/N .
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(e) IfG ∈ [Moore] ([Tak]), andN is a closed subgroup ofG, thenN ∈ [Moore] ([Tak]).
(f) If G ∈ [Moore] ([Tak]), and N is a closed normal subgroup of G, then G/N ∈
[Moore] ([Tak]).
Proof. (a) is [25, Theorem 1], (b) is [13, (4.14(g))], (c) is [20, (4.2)], (d) comes from
[15, Satz 5.4.3] or [23, Lemma 2.6]. (e) for [Tak] follows directly from the definition of a
Takahashi group. The rest of (e) and (f) is proved in [25]. 2
We pointed out above that a connected group in [MAP] must belong to [Moore]. We can
say even more: By Proposition 1(a) any connected group in [Moore] necessarily belongs
to [Tak].
The following result will be used throughout this section.
Lemma 1. Let H ∈ [Moore] and let N be a closed subgroup of H .
(a) N+ =N as a subgroup of H+,
(b) if N is normal in H , then N+ is closed in H+, and
(c) if N is normal in H , then (H/N)+ =H+/N .
Proof. (a) is [23, (3.5), and (2.3)], (b) is an application of Proposition 1(f), and
the Gel’fand–Raı˘kov theorem [13, (22.12)], (c) follows from Propositions 1 (d), (f),
and (b). 2
As stated in the introduction, compactness and some other like-properties are respected
by the Bohr topology of a LCA group. Among these we can mention (relative) functional
boundedness, countable compactness, pseudocompactness, and the Lindelöf property. This
has been proved for the first three properties by Pfister [22, Korollar 2, p. 130 and top of
p. 127] , and Trigos-Arrieta [29, (4.7)] independently, whereas [29, (3.1)] takes care of the
Lindelöf property. Our immediate goal now is to extend these results to the class [Moore].
Theorem 2. Let G ∈ [Moore] and let ℘ be any of the properties “functionally bounded (in
G+)” or “pseudocompact”. If F+ has ℘ , then
(a) F has ℘ (in G),
(b) F and F+ are homeomorphic, and
(c) clGF is compact.
Proof. Let H be a normal [Tak] subgroup of G of finite index (Proposition 1(a)). By
Lemmas 1(a) and (b), H+ is closed and open in G+, hence for each x ∈G, xH+ ∩ F+ is
closed and open in F+, and therefore it has ℘ (in G+). Since F is contained in the union
of finitely many translates of H , it is enough to prove the theorem for H . Accordingly, let
N be the closure of the commutator subgroup of H . Denote by pi :H →H/N the natural
map. By Lemma 1(c) we have (H/N)+ =H+/N . Then pi[F ] has℘ in (H/N)+ and, since
H/N is Abelian [13, (23.8)], we have that pi[F ] has ℘ in H/N , and K := clH/N pi[F ] is
compact [28, (4.1)] or [29, (4.2)]. Since N is compact, the same holds for pi←[K] [13,
(5.24(a))] which contains F , hence our result follows. 2
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Now we deal with ℘ = Lindelöf.
Theorem 3. Let G ∈ [Moore]. If F+ is Lindelöf, then F is Lindelöf.
Proof. As in the proof of Theorem 2, it is enough to consider the case G ∈ [Tak]. If G
is compactly generated proceed exactly as in the proof of [29, (3.5)]. Otherwise let N
be the closure of the commutator subgroup of G. G/N is an Abelian group [13, (23.8)].
Choose a compactly generated closed and open subgroupH ofG/N and setH := pi←[H],
where pi :G→G/N is the natural map. By using [13, (23.8) and (5.24(a))]H is a normal
compactly generated closed and open subgroup of G containing N . The group G/H is
Abelian and discrete. Hence, by Lemma 1(c) (G/H)+ = G+/H . By [29, (3.4)] F hits
at most countably many translates of H . Since H+ = H is a closed subspace of G+
(Lemmas 1(a) and (b)), we have that, if xH ∩F 6= ∅ for x ∈G, then xH ∩F is Lindelöf as
a subspace of xH ⊆G+. By the first part of this proof xH ∩ F is Lindelöf as a subspace
of xH ⊆ G. Being the countable union of Lindelöf subspaces of G, F itself must be
Lindelöf. 2
If A is a subspace of any topological group G, one obviously has, for P = (relative)
functional boundedness, compactness, pseudocompactness, or the Lindelöf property, that
A+ has P whenever A does as a subspace of G. Thus we have:
Corollary 1. [Moore] respects (relative) functional boundedness, compactness, pseu-
docompactness, and the Lindelöf property.
Our goal now is to show that [Moore] behaves like LCA with respect to connectedness
and zero-dimensionality:
Proposition 2. If G ∈ LCA, then
(a) G is connected if and only if G+ is connected,
(b) G is zero-dimensional if and only if G+ is zero-dimensional.
Proof. This is [29, (2.6)]. 2
Lemma 2. A discrete G ∈ [Tak], satisfies G+ zero-dimensional.
Proof. Let G′ denote the commutator subgroup of G. It is clear that G′ is finite and
that G/G′ is a discrete Abelian group. Let pi :G+ → (G/G′)+ = G+/G′ (Lemma 1(c))
be the natural map. By Proposition 2(b) we have that G+/G′ is zero-dimensional. Let
U ∈NG+(1) and choose V ∈NG+(1) such that clG+ V ⊆U and(
clG+V
)∩ [ ⋃
x∈G′\{1}
(
x clG+V
)]= ∅.
Let W ∈ NG+/G′(G′) be closed and open and such that W ⊆ pi[V ]. If W := pi←[W],
then W is a closed and open neighborhood of 1 in G+ contained in pi←[pi[V ]] = G′V .
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Set Z := W ∩ V . Clearly Z is open in G+ and entirely contained in U . We claim that
Z is closed. Otherwise let y ∈ (clG+Z) \ Z. Since W ⊆ G′V , there is x ∈ G′ \ {1} such
that y ∈ xV and hence ∅ 6= Z ∩ xV ⊆ V ∩ xV = ∅ which is a contradiction. Therefore
Z is closed. We have shown that G+ has a base of closed and open sets, hence our result
follows. 2
Theorem 4. If G ∈ [Tak] is zero-dimensional, then G+ is zero-dimensional.
Proof. Let U ∈NG+(1) and choose W ∈NG+(1) such that W 2 ⊆ U . By [13, (7.19(a))],
Propositions 1 (c) and (b), and sinceW ∈NG(1), there is a compact open normal subgroup
H of G such that H ⊆W . Clearly G/H is a discrete Takahashi group and, by Lemma 2,
(G/H)+ = G+/H is zero-dimensional. Choose a closed and open neighborhood V ∈
NG+/H (H) such that V ⊆ pi[W ]. Then V = pi←[V] is a closed and open neighborhood
of 1 in G+ with V ⊆ pi←[pi[W ]] =WH ⊆W 2 ⊆U . 2
By the component of a topological group we mean the connected component of the
identity [13, (7.1)].
Theorem 5. If G ∈ [Tak], C is the component of G, and D is the component of G+, then
C+ =D. In particular, if G+ is connected, then G is connected.
Proof. Clearly ⊆ holds. Note that G/C is a zero-dimensional [Tak] group by Proposi-
tion 1(f) and [13, (7.3)]. Therefore, by Theorem 4, (G/C)+ = G+/C (Lemma 1(c)) is
totally disconnected. Since D/C must be connected by the continuity of the natural map,
we must have D = C+, as required. 2
Corollary 2. If G ∈ [Moore], C is the component of G, and D is the component of G+,
then C+ =D. In particular, if G+ is connected, then G is a connected Takahashi group.
Corollary 3. If G ∈ [MAP], then the following are equivalent:
(a) G is connected.
(b) G ∈ [Moore], and G+ is connected.
(c) G ∈ [Tak], and G+ is connected.
(d) G=Rn ×K with n a non-negative integer, and K a compact connected group.
Proof. (a) ⇒ (d) This is the Freudenthal–Weil theorem [36, §§30, 31] quoted after the
proof of Theorem 1.
(d)⇒ (c) Obvious.
(c)⇒ (b) Obvious.
(b)⇒ (a) Follows from Corollary 2. 2
Corollary 4. If G ∈ [Moore], then G is zero-dimensional if and only if G+ is zero-
dimensional.
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Proof. (⇒) is Theorem 4 and Proposition 1(a). For (⇐) apply Corollary 2, and the fact
that a totally disconnected locally compact space is zero-dimensional [13, (3.5)]. 2
Normality is not preserved by the Bohr topology of a LCA group, but only when the
group is “small”: The following result is proved in [30,31]:
Proposition 3. A locally compact Abelian group G is σ -compact if and only if G+ is
normal.
Our goal now is to show that the behavior of the Bohr topology on [Moore] with respect
to normality is essentially the same as in the Abelian case. More specifically:
Theorem 6. If G ∈ [Moore], then G is σ -compact if and only if G+ is normal.
Proof. One direction is obvious. Since G contains a [Tak] group of finite index
(Proposition 1(a)) which a fortiori must be closed, and since normality is preserved by
closed subspaces, we can suppose that G is in fact a Takahashi group. We will prove that
the weak topology on a non σ -compact Takahashi group is not normal. Let N stand for
the closure in G of its commutator subgroup. Since G ∈ [Tak], N is compact and G/N
is Abelian. By Lemma 1(c) we have (G/N)+ = G+/N . Since G respects compactness
(Corollary 1), it follows that G+ is not σ -compact. Now use [13, (5.24(a))] to see that
G+/N cannot be σ -compact. By Proposition 3, (G/N)+ = G+/N is not normal. The
natural map pi :G+ →G+/N is closed [13, (5.18)]. Conclude from [8, (1.5.20)] that G+
is not normal. 2
We conclude this section by studying the behavior of the Bohr topology on [Moore] with
respect to realcompactness. Answering a question of van Douwen [33], Comfort et al. [4]
have proven the following:
Proposition 4. If G is a locally compact Abelian group, thenG is realcompact if and only
if G+ is realcompact.
Suppose that G is in [Moore] with a characteristic subgroup H in [Tak] of finite index.
Notice that H and H+ are closed and open subgroups of G and G+, respectively. ThusG
(respectivelyG+) is realcompact if and only if H (respectively H+) is realcompact 10 [9,
12G]. Moreover, if H ′ stands for the closure (in H or H+) of the commutator subgroup of
H , then H ′ = (H ′)+ is compact. Hence, the natural maps
pi :H →H/H ′ and pi :H+→H+/H ′
are open and perfect [13, (5.17, 5.18) and (5.24(a))]. By [8, (3.11.14) and (3.11.G)]
H (respectively H+) is realcompact if and only if H/H ′ (respectively H+/H ′) is
realcompact. By Proposition 4, we have that H/H ′ is realcompact if and only if H+/H ′
is realcompact. We have proven the following:
10 The union of two realcompact spaces does not need to be realcompact [9, 8H6].
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Theorem 7. If G is in [Moore], then G is realcompact if and only if G+ is realcompact.
Comfort et al. [4] have characterized those LCA groups G such that G+ is hereditarily
realcompact [4, Theorem 4.6]. Their result and our techniques imply the following
theorem, whose standard proof we omit.
Theorem 8. IfG ∈ [Moore], andH is a characteristic [Tak] subgroup ofG of finite index,
then the following statements are equivalent:
(a) G+ is hereditarily realcompact.
(b) H+ is hereditarily realcompact.
(c) {0} is a Gδ subset of G+.
(d) {0} is a Gδ subset of H+.
(e) G is metrizable and |G|6 c.
(f) H is metrizable and |H |6 c.
(g) The topology of G+ contains a metrizable group topology.
(h) The topology of H+ contains a metrizable group topology.
3. Examples and final remarks
In this section we consider the two questions left open in Section 1. As we saw in
Section 2, groups in [Moore] respect compactness. It is natural therefore to ask whether
this feature is shared by all [MAP] groups:
Question 1. Do groups in [MAP] respect compactness?
The answer is “not always”: Following [3, p. 195] (see also [6]) a (compact) group
G is called a van der Waerden group (vdW-group) if every homomorphism from G into
a compact group is continuous. For example, van der Waerden [32] has shown that a
compact connected semisimple Lie group (in particular SO(3,R)) is a vdW-group, and
more recently the Bohr compactification of the group constructed by Moran [21, §4]
yields an example of an infinite totally disconnected vdW-group. An alternative definition
to a vdW-group can be stated as those (compact) groups G that coincide with the Bohr
compactification of Gd , the latter denoting the underlying group of G equipped with the
discrete topology 11 . Clearly, discretized infinite vdW-groups are in [MAP], but they do
not respect compactness.
In order to present the example (b) promised in the Introduction, we start with the
following, we believe, interesting:
Theorem 9. Suppose that (G, τ) is a [MAP] group such that τ = τw . Then H is compact
whenever H is a [Moore] subgroup of (G, τ). In particular the connected component of
(G, τ) is compact.
11 This notation is fixed throughout this section.
D. Remus, F.J. Trigos-Arrieta / Topology and its Applications 97 (1999) 85–98 95
Proof. We have τ |H = (τw)|H ⊆ (τ |H)w = (τ |H)+. Thus, τ |H = (τ |H)+ which
implies that H is compact (Section 1). The last statement follows from the Freudenthal–
Weil theorem (Corollary 3). 2
Example 1. We now construct the example (b) promised in Section 1. If H denotes an
infinite vdW-group, and L stands for any non-compact [Moore] group, then G := L×Hd
is clearly in [MAP]. By the theorem the original and the weak topologies onG are different.
Clearly one has G+ = L+ ×H . Applying Hughes’ theorem (cf. Section 1) one sees that
the weak and the Bohr topologies on G are different.
Question 2. Are there any groups in [MAP] but not in [Moore] which respect compact-
ness?
We present an example of a discrete group not in [Moore] to show that the answer to
the above is affirmative. Our example is the semiproduct of two suitable Abelian groups.
We start by fixing some notation. Let A and B be two Abelian groups with B a non-
trivial subgroup of automorphisms of A. Let G :=AsB , i.e., G denotes the semiproduct
between A and B [13, (2.6)]. Let A1 := As {1B}, and B1 := {1A}sB . We identify A
with A1 and B with B1, and we consider the discrete topology onG,A,A1,B and B1. The
symbol ' reads “is topologically isomorphic to”. For an arbitrary group H let Ĥ denote
the character group of H , i.e., the group of all homomorphisms from H into the circle T
with operation defined pointwise (cf. Section 1).
Lemma 3. Any χ ∈ B̂1 can be extended to some χ ∈ Ĝ.
Proof. Since A1 is normal in G [13, (2.6)], define χ := pi ◦χ , where pi is the natural map
from G→G/A1 ' B1. 2
Lemma 4. Consider the Bohr compactification (bG, r) of G. Then r|B1 : B1→ bG is an
injection, and r[B1] ' B+. Thus, clbGr[B1] ' bB .
Proof. If x 6= 1B1 , then there is χ ∈ B̂1 such that χ(x) 6= 1. Since we can find χ ∈ Ĝ
extending χ , the universal property of (bG, r) implies that r(x) 6= 1bG. This proves the
first statement of the lemma. The second one follows from Lemma 3. The last statement is
now obvious. 2
The proof of the last lemma can be applied mutatis mutandis to show the following:
Lemma 5. Suppose that for any χ ∈ Â1 there is a compact group Kχ containing χ[A1]
such that χ can be extended to some continuous homomorphism χ̂ :G→ Kχ . Consider
the Bohr compactification (bG, r) of G. Then r|A1 :A1 → bG is an injection, and
r[A1] 'A+. Thus, clbGr[A1] ' bA.
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Theorem 10. Suppose that for any χ ∈ Â1 there is a compact groupKχ containing χ[A1]
such that χ can be extended to some continuous homomorphism χ̂ :G→ Kχ . Then G is
[MAP] and respects compactness.
Proof. Let (a, b) ∈G \ {1G}. We must show that there is a representation φ ofG such that
φ(a, b) 6= φ(1G). If b 6= 1B , then proceed as in the proofs of Lemmas 3 and 4. Otherwise
a 6= 1A and one can use Lemma 5. This shows that G is [MAP].
Now suppose that K ⊆ G+ is compact. We must show that K is finite. Let (bG, r)
be the Bohr compactification of G. Since the natural map pi :G+ → (G/A1)+ ' B+ is
continuous, then A+ ' r[A1] = pi←[{1G/A1}] is a closed subspace of G+, and pi[K]
is homeomorphic to a compact subspace of B+. By Glicksberg’s theorem we have that
pi[K] is finite. Moreover, if C ∈ pi[K], then pi←[{C}] is a translate of r[A1], hence it is
closed in G+, and thereforeKC :=K ∩pi←[{C}] is homeomorphic to a compact subspace
of A+. By Glicksberg’s theorem again we have that each KC is finite. Now notice that
K =⋃C∈pi[K]KC . 2
Remark. There are examples in which some χ ∈ Â1 does not hold the hypothesis of
Theorem 10: The group exhibited in [12, (5.10)] is not [MAP], and it can be seen to be
a semidirect product of two discrete Abelian groups.
Example 2. Take as A the group
⊕
n<ω Z3. With Z2 = {1,−1}, we consider B to be
the group
⊕
n<ω Z2 which clearly is a subgroup of automorphisms of A. Now form
G := AsB . In [16, p. 207] it is shown that G is not [Moore]. We now show that G
respects compactness by making use of Theorem 10.
Notice first that, since Z3sZ2 ' S3, i.e., the group of permutations of three elements,
we have G'⊕n<ω S3. The characters of Z3 are x 7→ 1, x 7→ x , and x 7→ −x . Each one,
except x 7→ −x , can be lifted to S3 using its own definition. x 7→ −x can be extended to
the whole S3 by (x, y) 7→ (−x, y). The easy details that this is indeed a homomorphism
are left to the reader.
Now consider any χ ∈ Â1. Then for each n < ω there exists χn ∈ Ẑ3, such that, if
x = (xn) ∈A1, then χ(x)=∏n<ω χn(xn) [13, (23:22)]. For each n < ω extend χn to some
endomorphismχn of S3. Now define χ :
⊕
n<ω S3→ S3 by the rule χ(x) :=
∏
n<ω χn(xn)
for arbitrary x = (xn) ∈G. Notice that this is a finite product, and clearly it is well defined.
This concludes the example.
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